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Abstract
We show that for certain integers n, the problem of whether or not a Cayley
digraph Γ of Zn is also isomorphic to a Cayley digraph of some other abelian
group G of order n reduces to the question of whether or not a natural subgroup
of the full automorphism group contains more than one regular abelian group
up to isomorphism (as opposed to the full automorphism group). A necessary
and sufficient condition is then given for such circulants to be isomorphic to
Cayley digraphs of more than one abelian group, and an easy-to-check necessary
condition is provided.
1. Introduction
It is well known that a Cayley digraph of a group G may also be isomorphic
to a Cayley digraph of group H where G and H are not isomorphic. A natural
question is then to determine exactly when a Cayley digraph is isomorphic to a
Cayley digraph of a nonisomorphic group. Perhaps the first work on this prob-
lem was by Joseph in 1995 [10] where she determined necessary and sufficient
conditions for a Cayley digraph of order p2, p a prime, to be isomorphic to a
Cayley digraph of both groups of order p2 (see [8, Lemma 4] for a group theoretic
version of this result). The second author [16] subsequently extended this result
and determined necessary and sufficient conditions for a Cayley digraph of Zpk ,
k ≥ 1 and p an odd prime, to be isomorphic to a Cayley digraph of some other
abelian group (see Theorem 1.4 for the statement of this result). Additionally,
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she found necessary and sufficient conditions for a Cayley digraph of Zpk to be
isomorphic to a Cayley digraph of any group of order pk. The equivalent prob-
lem for p = 2 was solved by Kova´cs and Servatius [11]. Digraphs of order pq
that are Cayley graphs of both groups of order pq, where q | (p− 1) and p, q are
distinct primes were determined by the first author in [4, Theorem 3.4]. Finally,
Marusˇicˇ and the second author studied the question of which normal circulant
graphs of square-free order are also Cayley graphs of a nonabelian group [14].
We show in this paper that for some values of n, we can reduce the problem
of which circulant digraphs of order n are also Cayley digraphs of some other
abelian group of order n, to the prime-power case previously solved by the
second author. Specifically, let n = pa11 p
a2
2 . . . p
ar
r and let k = p1 . . . pr, where
each pi is prime. Then the reduction works if gcd(k, ϕ(k)) = 1.
In the remainder of this section, we state the second author’s result (Theorem
1.4), first providing the necessary definitions for that statement. In Section 2,
we provide the necessary group theoretic results to prove our main theorem. In
Section 3, we provide the necessary graph theoretic results to prove our main
result, which is Corollary 3.12.
Definition 1.1. Let G be a group and S ⊂ G. Define a Cayley digraph of G,
denoted Cay(G,S), to be the digraph with V (Cay(G,S)) = G and E(Cay(G,S)) =
{(g, gs) : g ∈ G, s ∈ S}. We call S the connection set of Cay(G,S).
Definition 1.2. Let Γ1 and Γ2 be digraphs. The wreath product of Γ1 and
Γ2, denoted Γ1 ≀ Γ2, is the digraph with vertex set V (Γ1) × V (Γ2) and edges
(u, v)(u, v′) for u ∈ V (Γ1) and vv′ ∈ E(Γ2) or (u, v)(u′, v′) where uu′ ∈ E(Γ1)
and v, v′ ∈ V (Γ2).
Definition 1.3. Let G be a permutation group acting on X and H a permu-
tation group acting on Y . Define the wreath product of G and H, de-
noted G ≀ H, to be the set of all permutations of X × Y of the form (x, y) 7→
(g(x), hx(y)).
We caution the reader that these definitions of wreath products are not
completely standard, in that some mathematicians use H ≀G for what we have
defined as G ≀H , and similarly use Γ2 ≀Γ1 for our Γ1 ≀Γ2. Both orderings appear
in the literature.
We will often times consider wreath products of multiple digraphs or groups,
and sometimes the specific digraphs or groups are unimportant. In this circum-
stance, rather than write out and define the digraphs or groups, we will just
say that a graph Γ or group G is a multiwreath product. Formally, a di-
graph Γ is a multiwreath product if there exists digraphs Γ1, . . . ,Γr such that
Γ = Γ1 ≀ Γ2 ≀ · · · ≀ Γr, and a group G is a multiwreath product if there exists
groups G1, . . . , Gr such that G = G1 ≀G2 ≀ · · · ≀Gr.
Following [16], define a partial order on the set of abelian groups of order
pn as follows: We say G p H if there is a chain H1 < H2 < ... < Hm = H of
subgroups of H such that H1, H2/H1, . . . , Hm/Hm−1 are all cyclic, and
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Figure 1: The partial order for groups of order p5
G ∼= H1 ×
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Hm
Hm−1
.
There is an equivalent definition for this partial order. We say that a string
of integers i1, . . . , im is a subdivision of the string of integers j1, . . . , jm0 if
there is some permutation δ of {1, ...,m} and some strictly increasing sequence
of integers 0 = k0, . . . , km0 = m such that iδ(ks+1) + . . . + iδ(ks+1) = js+1,
0 ≤ s ≤ m0 − 1. Now, G p H precisely if G ∼= Zpi1 × Zpi2 × . . . × Zpim and
H ∼= Zpj1 ×Zpj2 × . . .×Zpjm0 where i1, ..., im is a subdivision of j1, . . . , jm0 . In
Figure 1 this partial order is depicted for abelian groups of order p5.
The following result was proven in [16] (see also [15]) in the case where p is
an odd prime and in [11] when p = 2.
Theorem 1.4. Let Γ = Cay(G,S) be a Cayley digraph on an abelian group G
of order pk, where p is prime. Then the following are equivalent:
1. The digraph Γ is isomorphic to a Cayley digraph on both Zpk and H, where
H is an abelian group with |H | = pk, say H = Zpk1 × Zpk2 × . . .× Zpkm0 ,
where k1 + . . .+ km0 = k.
2. There exist a chain of subgroups G1 ≤ . . . ≤ Gm−1 in G such that
(a) G1, G2/G1, . . . , G/Gm−1 are cyclic groups;
(b) G1 ×G2/G1 × . . .×G/Gm−1 p H;
(c) For all s ∈ S\Gi, we have sGi ⊆ S, for i = 1, ...,m − 1. (That is,
S\Gi is a union of cosets of Gi.)
3. There exist Cayley digraphs U1, ..., Um on cyclic p-groups H1, ..., Hm such
that H1 × . . .×Hm p H and Γ ∼= Um ≀ . . . ≀ U1.
These in turn imply:
3
4. Γ is isomorphic to Cayley digraphs on every abelian group of order pk that
is greater than H in the partial order.
2. Group Theoretic Results
For any terms from permutation group theory that are not defined in this
paper, see [2]. In the section we collect all permutation group theoretic results
that we will need for our main result.
Theorem 2.1 (Theorem 3 of [9], or Corollary 1.2 of [12]). A primitive per-
mutation group K acting on Ω of finite degree n has a cyclic regular subgroup if
and only if one of the following holds:
1. Zp ≤ K ≤ AGL(1, p), where n = p is prime;
2. K = Sym(n) for some n, or K = Alt(n) for some odd n;
3. PGL(d, q) ≤ K ≤ PΓL(d, q) where n = (qd − 1)/(q − 1) for some d ≥ 2;
4. K = PSL(2, 11), M11 or M23 where n = 11, 11 or 23 respectively.
Any permutation group must act primitively on the minimal blocks that it
admits. It is well-known that a graph Γ is isomorphic to a Cayley graph on
a group G if and only if Aut(Γ) contains a regular subgroup isomorphic to G.
Thus, the automorphism group of a circulant graph always acts as one of the
above groups on the minimal blocks that it admits. Understanding these pos-
sible actions therefore goes a long way towards reconstructing (recursively) the
full action of the automorphism group. In particular, to determine other regu-
lar subgroups, it will be important to have a good understanding of conjugacy
classes in these groups. This is the goal of the next few results in this section.
Both [9, Corollary 2] or [12, Corollary 1.2] show that if PGL(d, q) ≤ K ≤
PΓL(d, q), then every regular cyclic subgroup of K is a Singer subgroup (and
so any two are conjugate in PGL(d, q)) unless d = 2 and q = 8, in which case
n = 9.
The following result is well-known.
Lemma 2.2. Two elements of Alt(n) are conjugate in Sym(n) but not in Alt(n)
if and only if their cycle structures are the same, they have no cycle of even
length, and the lengths of all of their odd cycles are distinct.
Lemma 2.3. Let K,K ′ ≤ G be conjugate in G. If N ⊳ G and KN/N = G/N ,
then there exists n ∈ N with n−1Kn = K ′.
Proof. Let g ∈ G such that g−1Kg = K ′. As KN/N = G/N there exists
k ∈ K such that kN = gN . Then N = k−1gN , or equivalently, n = k−1g ∈ N .
Now n−1Kn = g−1kKk−1g = g−1Kg = K ′.
Corollary 2.4. Any two regular cyclic subgroups of PGL(d, q) are conjugate
by an element of PSL(d, q), provided that (d, q) 6= (2, 8). Also, if n is even,
then any two regular cyclic subgroups of Sym(n) are conjugate by an element of
Alt(n).
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Proof. By [9, Corollary 2] or [12, Corollary 1.2], there is one conjugacy class
of regular cyclic subgroups of PGL(d, q) whenever (d, q) 6= (2, 8), and clearly
there is always one conjugacy class of regular cyclic subgroups in Sym(n). If
K is a regular cyclic subgroup of PGL(d, q), then KPSL(d, q) = PGL(d, q).
Similarly, if K is a regular cyclic subgroup of Sym(n) where n is even, then
KAlt(n) = Sym(n). The result follows by Lemma 2.3, with PSL(d, q) or Alt(n)
taking the role of N .
The concept of Ω-step imprimitivity will be important in this paper. In-
tuitively, on a set of cardinality n, the action of a transitive group is Ω-step
imprimitive if there is a sequence of nested block systems that is as long as
possible (given n). The terms “nested” and “as long as possible” may not be
clear, so we provide formal definitions below, including an explicit formula for
Ω = Ω(n).
Definition 2.5. Let G be a transitive permutation group. Let Y be the set of
all block systems of G. Define a partial order on Y by B ≤ C if and only if every
block of C is a union of blocks of B. We say that a strictly increasing sequence
of m + 1 block systems under this partial order is an m-step imprimitivity
sequence admitted by G.
An m-step imprimitivity sequence is what we referred to in our intuitive
description as a “nested” sequence.
Definition 2.6. Let G be a transitive group of degree n. Let n = Πri=1p
ai
i be
the prime factorization of n and let Ω = Ω(n) =
∑r
i=1 ai. Then G is Ω-step
imprimitive if it admits an Ω-step imprimitivity sequence.
A block system B will be said to be normal if B is formed by the orbits of a
normal subgroup. We will say that G is normally Ω-step imprimitive if G
is Ω-step imprimitive with a sequence in which each block system is normal.
Let B0 < . . . < BΩ be an Ω-step imprimitivity sequence of G, where G is
acting on X . Then B0 consists of singleton sets, BΩ = {X}, and if Bi ∈ Bi
and Bi+1 ∈ Bi+1, then |Bi+1|/|Bi| is a prime. Thus it is not possible to have a
k-step imprimitivity sequence for any k > Ω, satisfying our intuitive description
of the system as being “as long as possible”.
Recall that we would like to characterise graphs Γ with G,G′ ≤ Aut(Γ),
where G and G′ are regular (and nonisomorphic), and G is cyclic. Our method
will be to find a subgroup N of Aut(Γ) that is normally Ω(n)-step imprimitive.
If we can then find regular subgroups H,H ′ ≤ N with H ∼= G and H ′ ∼= G′,
then we will be able to use the fact that H and H ′ also admit the many block
systems of N to determine a lot about the structure of Γ.
In fact, in Lemma 2.11, we will show that there is some conjugate δ−1G′δ ≤
Aut(Γ) of G′, such that K = 〈G, δ−1G′δ〉 is normally Ω(n)-step imprimitive.
Then in Theorem 2.14, we show that if we assume a numerical condition on n,
there is a nilpotent group N ≤ K that contains subgroups isomorphic to both
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G and G′. Clearly N is still Ω(n)-step imprimitive since it must admit all of
the blocks that K admits.
The next two lemmas and the definitions surrounding them are required for
the proof of Lemma 2.11, which is in turn used in the proof of Theorem 2.14.
Definition 2.7. Let G be a transitive group acting on X and B a block system
of G. For g ∈ G we denote by g/B permutation of B induced by g, and G/B =
{g/B : g ∈ G}.
By fixG(B) we mean the subgroup of G which fixes each block of B set-wise.
That is,
fixG(B) = {g ∈ G : g(B) = B for all B ∈ B}.
This can also be thought of as the kernel of the projection from G to G/B.
For B ∈ B, we denote the set-wise stabilizer of the block B by StabG(B).
That is,
StabG(B) = {g ∈ G : g(B) = B}.
The support of G, denoted supp(G), is the set of all x ∈ X that are acted
on nontrivially by some g ∈ G. That is,
supp(G) = {x ∈ X : there exists g ∈ G such that g(x) 6= x}.
Lemma 2.8. Let H ≤ Sym(n) admit a block system B and K ⊳H such that
1. K ≤ fixH(B),
2. K = T ℓ is a direct product of isomorphic nonabelian simple groups T , and
3. K|B ∼= T is transitive for every B ∈ B.
Let L be a minimal nontrivial normal subgroup of K. Then supp(L) is a block
of H. Furthermore, if C is the block system of H that includes supp(L), then
B ≤ C.
Proof. Let C = supp(L). Note that hLh−1 is a minimal normal subgroup of
K with supp(hLh−1) = h(C). Furthermore, if k ∈ K then since L ⊳ K, this
shows that k(C) = C. Hence C is a union of orbits of K, i.e. a union of blocks
from B. If we successfully show that C is a block of H , then this implies that
B ≤ C.
We must show that for every h ∈ H , either C ∩ h(C) = ∅, or h(C) = C.
Consider any h ∈ H such that C ∩ h(C) 6= ∅. We will show that h(C) = C.
If h(C) = C we are finished, so towards a contradiction we assume that
supp(hLh−1) = h(C) 6= C = supp(L),
in which case hLh−1 6= L. Since both L and hLh−1 are normal in K, so is their
intersection. As K = T ℓ, L ∼= T is simple; we conclude that L ∩ hLh−1 = 1.
The same argument shows that when we write K = T ℓ, the intersection of L
with each copy of T is either trivial or all of T , and the same is true for hLh−1.
Thus, L and hLh−1 must commute with each other.
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We have seen that for any k ∈ K, k(C) = C; the same argument shows that
k(h(C)) = h(C). Hence k(C ∩ h(C)) = C ∩ h(C), so C ∩ h(C) is a union of
blocks from B. Let B ∈ B with B ⊆ C ∩ h(C).
Notice that L|B ⊳ K|B ∼= T . Since B ⊆ C = supp(L), this forces L|B =
K|B ∼= T to be transitive on B. Furthermore this action is a faithful repre-
sentation of T since the kernel of the action of L|B is a normal subgroup of
the simple group T . The same is true for hLh−1|B . Since T is nonabelian and
the actions on B are faithful and identical, L and hLh−1 cannot commute, a
contradiction.
Lemma 2.9. Let G,G′ be regular abelian subgroups of a primitive group K
of degree n, with G cyclic. Let p be any prime divisor of n, and let G′p be any
subgroup of G′ of order p. Then there exists δ ∈ soc(K) such that Gp = δ−1G′pδ.
Proof. If n = p is prime, then G and G′ are Sylow p-subgroups of K and of
soc(K), and the result follows.
If PGL(d, q) ≤ K ≤ PΓL(d, q) and both G and G′ are Singer subgroups then
by Corollary 2.4 there exists δ ∈ soc(K) = PSL(d, q) such that δ−1G′δ = G, and
we are done. By Theorem 2.1 the only remaining possibilities are K = Alt(n),
Sym(n), or PGL(2, 8) ≤ K ≤ PΓL(2, 8).
If PGL(2, 8) ≤ K ≤ PΓL(2, 8) then n = 9 and both G and G′ are cyclic
groups of order 9. Let G ≤ P and G′ ≤ Q, where P and Q are Sylow 3-
subgroups of PΓL(2, 8). It can be shown that any Sylow 3-subgroup of the
natural action of PΓL(2, 8) on points, contains a unique semiregular subgroup
of order 3. Note that in P , this subgroup isG3 sinceG3 is the unique semiregular
subgroup of order 3 in G, and similarly in Q, this subgroup is G′3. Since any
conjugate of a Singer subgroup is a Singer subgroup, P and Q each contain a
Singer subgroup, S and T say (respectively), and since S and T are regular
of order 9, each contains a semiregular subgroup of order 3, so G3 ≤ S and
G′3 ≤ T . By Corollary 2.4, there is some δ ∈ PSL(2, 8) such that δ
−1Tδ = S.
Since the subgroup of order 3 in S is unique, we see that G3 = δ
−1G′3δ.
If soc(K) = Alt(n), then let Gp ≤ G, G
′
p ≤ G
′ be subgroups of order p.
The semiregular cyclic groups Gp and G
′
p are generated by elements g and g
′
respectively, where g, g′ ∈ Alt(n) each has a cycle structure consisting of n/p > 1
cycles of length p, since n is composite. By Lemma 2.2, there is some δ ∈ Alt(n)
such that g = δ−1g′δ, and so Gp = δ
−1G′pδ.
Let G ≤ Sym(n) admit a block system B. It is straightforward to observe
that there is a block system D in G/B if and only if there is a block system
C  B of G where a block of C consists of the union of all blocks of B contained
within a block of D.
Definition 2.10. If G admits block systems B and C with B ≤ C, then we
denote the corresponding block system D in G/B by C/B.
We are now ready to show that we can find a group that contains our regular
cyclic subgroup and a conjugate of any other given regular abelian subgroup,
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and is Ω(n)-step imprimitive. Although it is not immediately clear from the
statements of the results as written, [18, Theorem 4.9 (i)] is a consequence of
this lemma. The authors plan to explain and expand on this generalisation in
a forthcoming paper.
Lemma 2.11. Let G,G′ be regular abelian subgroups of a permutation group of
degree n, with G cyclic. Let n = pa11 · · · p
ar
r be the prime-power decomposition of
n, and Ω = Ω(n) =
∑r
i=1 ai. Then there exists δ ∈ 〈G,G
′〉 such that 〈G, δ−1G′δ〉
is normally Ω-step imprimitive.
Proof. We proceed by induction on Ω = Ω(n). If Ω(n) = 1, then n is prime
and the result is trivial. Let G,G′, and n satisfy the hypotheses, with Ω(n) ≥ 2.
Assume the result holds for all permutation groups of degree n′ with Ω(n′) at
most Ω(n) − 1. If H = 〈G,G′〉 is primitive, then by Lemma 2.9, there exists
δ ∈ H such that 〈G, δ−1G′δ〉 is imprimitive, so we may assume without loss of
generality that H is imprimitive.
Suppose that B is a block system of H with ℓ blocks of size k. We first
show that if k = p is prime, we can complete the proof; then we will devote the
remainder of the proof to demonstrating that if k is composite, then for any
prime p | k there exists δ ∈ H such that 〈G, δ−1G′δ〉 admits a normal block
system with blocks of prime size p. Replacing G′ by this conjugate and B by
this system then completes the proof.
Suppose k = p is prime, and set B1 = B. By the induction hypothesis,
since Ω(n/p) = Ω(n)− 1 = Ω− 1, there exists δ ∈ H such that 〈G, δ−1G′δ〉/B1
is normally (Ω − 1)-step imprimitive with (Ω − 1)-step imprimitivity sequence
B1/B1 < B2/B1 < . . . < BΩ/B1. Then 〈G, δ−1G′δ〉 is normally Ω(n)-step
imprimitive with B0 < B1 < . . . < Bm. This completes the proof when k = p.
Suppose now that k is composite. We assume that k is chosen to be minimal,
and so by [2, Exercise 1.5.10] StabH(B)|B is primitive. Since k is composite, for
any block B ∈ B, StabH(B)|B is doubly-transitive as Zk is a Burnside group [2,
Theorem 3.5A]. Since the groups in Theorem 2.1(1) are not of composite degree,
StabH(B)|B has nonabelian simple socle, TB. In fact, TB ∼= PSL(d, q) for some
d, q, or TB ∼= Alt(k), so TB is doubly-transitive. Since fixH(B)|B ⊳ StabH(B)|B ,
its intersection with TB is nontrivial and normal in TB; since TB is a simple
group, we conclude that soc(fixH(B)|B) = TB. Thus fixH(B)|B has a doubly-
transitive socle, so must itself be doubly-transitive. Let K = soc(fixH(B)). Note
that K ⊳H as K is characteristic in fixH(B).
We claim that K,H, and B satisfy the hypotheses of Lemma 2.8. The parts
that we have not yet shown are (2) and (3). Clearly, K|B ⊳ fixH(B)|B. Thus
(K|B ∩ TB) ⊳ TB. Since TB is simple, we either have K|B ≥ TB, or K|B = 1.
Note that K|B′ is conjugate in H to K|B for any B′ ∈ B, so the latter would
imply K = 1, but a socle of a nontrivial finite group cannot be trivial. So
K|B ≥ TB. Since any socle is a direct product of simple groups, it is not
possible that K|B > TB. Thus K|B = TB (which is in fact doubly-transitive).
Given that for any B′ ∈ B, the groups TB and TB′ are conjugate in H , we have
hypothesis (3). The facts that any socle is a direct product of simple groups,
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and that K ≤ fixH(B), force hypothesis (2), although the ℓ of Lemma 2.8 may
not be the same as the ℓ we have defined in this proof.
Since the hypotheses of Lemma 2.8 are satisfied, we conclude that for any
minimal normal subgroup L of K, supp(L) is a block of H , so there exists a
block system C  B with r blocks where r | ℓ, such that for every C ∈ C
and t ∈ T there is gt,C ∈ K with (gt,C)|C = t and (gt,C)|C′ = 1 if C′ 6= C.
Let C = {Ci : 1 ≤ i ≤ r}, and B = {Bi,j : 1 ≤ i ≤ r and 1 ≤ j ≤ ℓ/r}.
We additionally assume that ∪
ℓ/r
j=1Bi,j = Ci. Let p be a prime divisor of k; if
T ∼= PSL(d, q) then choose p to be a divisor of k/ gcd(d, q−1). Let Gp ≤ fixG(B)
be the unique subgroup of G of order p, and G′p ≤ fixG′(B) a subgroup of order
p. Certainly, Gp, G
′
p ≤ fixH(B), so Gp|B, G
′
p|B ≤ fixH(B)|B for any B ∈ B.
For any 1 ≤ i ≤ r, let fixH(B)|Bi,1 take the role of K in Lemma 2.9. The
lemma tells us that there exists δ1 ∈ TBi,1 such that δ
−1
1 G
′
pδi|Bi,1 = Gp|Bi,1 . Let
G′p = 〈h〉, and Gp = 〈g〉. Then there exists bi ∈ Z such that gh
bi |Bi,1 = 1. By
the definition of C in Lemma 2.8, it must be the case that for every 1 ≤ j ≤ ℓ/r,
ghbi |Bi,j = 1, and so δ
−1
i G
′
pδi|Ci = Gp|Ci . Then g
−1
δi,Ci
G′pgδi,Ci |Ci = Gp|Ci , while
g−1δi,CiG
′
pgδi,Ci |Cj = G
′
p for any j 6= i, since gδi,Ci |Cj = 1. So if δ = Π
r
i=1gδi,Ci
then δ ∈ K and δ−1G′pδ = Gp is a central subgroup of 〈G, δ
−1G′δ〉, whose orbits
are blocks of size p. Thus, replacing G′ with δ−1G′δ, we assume without loss of
generality that k = p.
Definition 2.12. Let K ≤ Sym(n) contain a regular abelian subgroup G. We
say that a nilpotent subgroup N with G ≤ N ≤ K mimics every regular
abelian subgroup of K, if a regular abelian group M ≤ Sym(n) is contained
in K if and only if N contains a regular abelian subgroup isomorphic to M .
We first give a sufficient condition for a group K to contain a nilpotent
subgroup that mimics every regular abelian subgroup of K.
Lemma 2.13. Let G be a regular cyclic subgroup of K. Suppose that when-
ever R ≤ K is a regular abelian subgroup, then there exists δ ∈ K such that
〈G, δ−1Rδ〉 is nilpotent. If N is a maximal nilpotent subgroup that contains G,
then N mimics every regular abelian subgroup of K.
Proof. Let N be a maximal nilpotent subgroup that contains G, and R ≤ K
a regular abelian subgroup of K. We will show that δ ∈ K with δ−1Rδ ≤ N ,
which will establish the result.
Let n = pa11 · · · p
ar
r be the prime-power decomposition of n. Note that since
G is a regular cyclic group, for any 1 ≤ i ≤ r it admits block systems Bi with
blocks of size paii and Ci with blocks of size n/p
ai
i , and if a group containingG as a
subgroup admits a block system whose blocks have one of these sizes, it must be
one of these block systems. As N is nilpotent and G ≤ N , by [3, Lemma 10] for
every 1 ≤ i ≤ r, N admits Bi and Ci as normal block systems. Similarly, 〈G,R〉
is nilpotent and contains G, so admits each Bi and Ci. Then 〈R,N〉 = 〈G,R,N〉
admits Bi and Ci as block systems, and so 〈R,N〉 ≤ Πri=1Sym(p
ai
i ).
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Now, R/C1 and N/C1 are p1-subgroups of Sym(p
a1
1 ), and so there exists
ω1 ∈ 〈R,N〉 such that ω
−1
1 Rω/C1 and N/C1 are contained in the same Sylow
p1-subgroup. Then 〈ω−1Rω,N〉/C1 is a p1-group. Inductively suppose that
〈ω−1j . . . ω
−1
1 Rω1 . . . ωj , N〉/Ci is a pi-group for each 1 ≤ i ≤ j < r. Then
there is some ωj+1 ∈ 〈ω
−1
j . . . ω
−1
1 Rω1 . . . ωj , N〉 such that (by conjugation of
Sylow pj+1-subgroups) 〈ω
−1
j+1 . . . ω
−1
1 Rω1 . . . ωj+1, N〉/Cj+1 is a pj+1-group. As
ωj+1 ∈ 〈ω
−1
j . . . ω
−1
1 Rω1 . . . ωj , N〉, our inductive hypothesis implies that for
each 1 ≤ i ≤ j < r, 〈ω−1j+1 . . . ω
−1
1 Rω1 . . . ωj+1, N〉 is still a pi-group, completing
the induction. Let δ = ω1 . . . ωr ∈ K, so that 〈δ−1Rδ,N〉/Ci is a pi-group for
every 1 ≤ i ≤ r. This shows that 〈δ−1Rδ,N〉 is a direct product of its Sylow
p-subgroups, so is nilpotent. By the maximality of N , we have 〈δ−1Rδ,N〉 = N,
meaning δ−1Rδ ≤ N , as required.
We now show that under a numerical condition on n, we can find a nilpotent
group that has this extremely useful property.
Theorem 2.14. Let k = p1 . . . pr be such that gcd(k, ϕ(k)) = 1 where each pi
is prime, and n = pa11 . . . p
ar
r . Let G be a regular cyclic subgroup of a group K
of degree n. Then there exists a nilpotent subgroup N , with G ≤ N ≤ K, that
is Ω(n)-step imprimitive, and mimics every regular abelian subgroup of K.
Proof. Let R ≤ K be a regular abelian group. By Lemma 2.11 there ex-
ists δ1 ∈ K such that 〈G, δ
−1
1 Rδ1〉 is normally Ω(n)-step imprimitive. By [3,
Theorem 12], (applying this requires our hypothesis that gcd(k, ϕ(k)) = 1),
there exists δ2 ∈ 〈G, δ
−1
1 Rδ1〉 ≤ K such that 〈G, δ
−1
2 δ
−1
1 Rδ1δ2〉 is nilpotent.
By Lemma 2.13, any maximal nilpotent subgroup N that contains G mimics
every regular abelian subgroup of K. By [3, Lemma 9], any such N is Ω(n)-step
imprimitive.
3. Graph Theoretic Results
Lemma 3.1. Let p be prime and k1, . . . , kj be positive integers. Then there
exists a vertex-transitive digraph Γ whose automorphism group is Zpk1 ≀ . . . ≀Zpkj .
Furthermore, we can choose Γ = Γ1 ≀ . . . ≀ Γj, where each Γi is a circulant
digraph on Zpki .
Proof. Let ~Dk denote the directed cycle of length k. When k > 2, ~Dk has
automorphism group Zk 6∼= Sym(k). When k = 2, Aut(K2) = Aut(K¯2) = Z2 =
Sym(2).
For each 1 ≤ i ≤ j, let
Γi =


~Dpki if p
ki > 2;
K2 if p
ki = 2, and either i = 1 or Γi−1 6= K2; and
K¯2 otherwise.
Let Γ = Γ1 ≀ . . . ≀ Γj . By [6, Theorem 5.7], Aut(Γ) = Zpk1 ≀ . . . ≀ Zpkj .
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Definition 3.2. Let X be a finite set and let G be a permutation group on x.
The 2-closure of G, denoted G(2), is the set
{π ∈ Sym(X) | ∀(x, x′) ∈ X2, there exists gxx′ ∈ G with (x, x
′)π = (x, x′)gxx′ },
where Sym(X) is the symmetric group on X. Observe that in the definition of
G(2), the element gxx′ of G may depend upon the ordered pair (x, x
′). The group
G is said to be 2-closed if G = G(2).
Lemma 3.3. The 2-closure of any nilpotent group N , is itself nilpotent.
Proof. To see this, we will use the fact that a group is nilpotent if and only if
it is the direct product of its Sylow subgroups. Thus, N = P1 × . . .× Pr.
By [1, Theorem 5.1], we have N (2) = P
(2)
1 × . . .×P
(2)
r . It is well-known that
the 2-closure of a p-group is a p-group (see for example [2, Exercise 2.4.5(iv)]).
Thus each P
(2)
i is a Sylow subgroup of N
(2), so N (2) is nilpotent.
Definition 3.4. The orbital digraphs of G are the collection of digraphs
whose vertices are the elements of X. Each orbital digraph has for its arcs
one orbit of the ordered pairs of elements of X, under the action of G.
It is easy to verify that G(2) is a subgroup of Sym(X) containing G and, in
fact, G(2) is the smallest (with respect to inclusion) subgroup of Sym(X) that
preserves every orbital digraph of G. Equivalently, G(2) is the automorphism
group of the Cayley colour digraph obtained by assigning a unique colour to the
edges of each orbital digraph of G. It follows that the automorphism group of
a graph is 2-closed.
Corollary 3.5. Let p be prime and G,H regular abelian groups of degree pk
with G cyclic. Then there exists H ′ ≤ 〈G,H〉 such that H ′ ∼= H is regular and
(〈G,H ′〉)(2) ∼= Zpk1 ≀ . . . ≀ Zpkm for some k1, . . . , km with k1 + . . .+ km = k.
Proof. Let Γ be the Cayley colour digraph formed by assigning a unique colour
to the edges of each orbital digraph of 〈G,H〉. Since Aut(Γ) has regular sub-
groups isomorphic to G and to H , we see that Γ is a Cayley colour digraph on
both of these groups, similar to condition (1) of Theorem 1.4.
Although the theorem is not stated for colour digraphs, most of the proof
involves only permutation groups, so it is not hard to see that the same result
is true for colour digraphs. By Theorem 1.4 (3), we can find k′1, . . . , k
′
m′ such
that Γ ∼= U1 ≀ . . . ≀ Um′ where each Ui is a circulant colour digraph on Zpk′i , and
Z
pk
′
1
× . . .×Z
p
k′
m′
p H . It is a standard and straightforward observation that
(〈G,H〉)(2) = Aut(Γ) ≥ Aut(U1) ≀ . . . ≀ Aut(Um′) ≥ Zpk′1 ≀ . . . ≀ Zpk
′
m′
. Call this
last group K. By Lemma 3.1, K is 2-closed.
Since Z
pk
′
1
× . . . × Z
p
k′
m′
p H , the group K contains a regular subgroup
H ′ ∼= H . Repeating the argument to this point, with H ′ taking the role of
H , we obtain k1, . . . , km with K
′ = Zpk1 ≀ . . . ≀ Zpkm ≤ (〈G,H
′〉)(2) and Zpk1 ×
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. . . × Zpkm p H
′. Furthermore, since G,H ′ ≤ K and K is 2-closed, we have
(〈G,H ′〉)(2) ≤ K. Thus K ′ ≤ K, which implies Zpk1 × . . . × Zpkm p Zpk′1 ×
. . .× Z
p
k′
m′
. This in turn means H ′ ≤ K ′. Now we have G,H ′ ≤ K ′, and K ′ is
also 2-closed by Lemma 3.1, so (〈G,H ′〉)(2) ≤ K ′. Hence K ′ = (〈G,H ′〉)(2).
Given regular groups G1 and H1 of degree a and G2 and H2 of degree b,
there is an obvious method for constructing digraphs that are simultaneously
Cayley digraphs of G1 × G2 and of H1 × H2. Namely, construct a Cayley
digraph Γ1 of order a that is a Cayley digraph of G1 and H1 and a digraph Γ2
of order b that is a Cayley digraph of G2 and H2, and then consider some sort
of “product construction” of Γ1 and Γ2 to produce a digraph Γ of order ab with
Aut(Γ1)×Aut(Γ2) ≤ Aut(Γ). We write “product construction” as there are two
obvious products of Γ1 and Γ2 that ensure that Aut(Γ1) × Aut(Γ2) ≤ Aut(Γ):
the wreath product, and the Cartesian product.
Definition 3.6. Let Γ1, . . . ,Γr be digraphs. We say that Γ is of product type
Γ1, . . . ,Γr if Aut(Γ1)× . . .×Aut(Γr) ≤ Aut(Γ).
Theorem 3.7. Let n = pa11 . . . p
ar
r . Let G,H be regular abelian groups of degree
n with G cyclic and let Gpi , Hpi be Sylow pi-subgroups of G and H respectively,
and Γ a Cayley digraph on G. If
Γ is of product type Γ1, . . . ,Γr, where each Γi is a Cayley digraph on both
Gpi and a group isomorphic to Hpi , 1 ≤ i ≤ r,
then
Γ is isomorphic to a Cayley digraph of H.
Furthermore, the converse holds whenever G,H ≤ N ≤ Aut(Γ) for some nilpo-
tent group N , and we can also conclude that each Aut(Γi) is a (possibly trivial)
multiwreath product of cyclic groups.
Proof. First suppose that Γ is of product type Γ1, . . . ,Γr. Then Aut(Γ1) ×
. . .× Aut(Γr) ≤ Aut(Γ). For each i, there is some H ′pi
∼= Hpi such that H
′
pi ≤
Aut(Γi). Thus H ∼= H ′p1 × . . .×H
′
pr ≤ Aut(Γ), so Γ is isomorphic to a Cayley
digraph of H .
Conversely, suppose that Γ is a Cayley digraph on G that is also isomorphic
to a Cayley digraph of the abelian group H . Then G and some H ′ ∼= H are
regular subgroups of Aut(Γ). By assumption, G,H ′ ≤ N ≤ Aut(Γ) for some
nilpotent group N . By Lemma 3.3, N (2) is nilpotent. We can therefore choose
N = 〈G,H ′〉(2).
Let N = P1× . . .×Pr where Pi is a Sylow pi-subgroup of N . Notice that for
each i, Pi = 〈Gpi , H
′
pi〉
(2) since the 2-closure of a p-group is a p-group. Consider
some orbit Bi of Pi. As an orbit of a normal subgroup, Bi is a block of N . By
Corollary 3.5, there exists H ′′pi |Bi ≤ 〈Gpi |Bi , H
′
pi |Bi〉 such that H
′′
pi |Bi
∼= H ′pi |Bi
acts regularly, and (〈Gpi |Bi , H
′′
pi |Bi〉)
(2) is a multiwreath product of cyclic pi-
groups.
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By Lemma 3.1 there exists a vertex-transitive digraph Γi with Aut(Γi) =
(〈Gpi |Bi , H
′′
pi |Bi〉)
(2). Now, (〈Gpi |Bi , H
′′
pi |Bi〉)
(2) ≤ (Pi|Bi)
(2) = Pi|Bi byWielandt’s
Dissection Theorem [19, Theorem 6.5], so Aut(Γi) ≤ Pi|Bi . We claim that
Aut(Γ1)× . . .×Aut(Γr) ≤ N ≤ Aut(Γ), so that Γ is of product type Γ1, . . . ,Γr.
This is because for any i, N = Pi×N
′
i , so we can define Aut(Γi) to act semireg-
ularly by commuting with every element of N ′i , and in this form, Aut(Γi) ≤ Pi
for each i.
To complete the proof, notice for each i that since Aut(Γi) contains regular
subgroups isomorphic to Gpi |Bi (which is cyclic) and to H
′′
pi |Bi
∼= H ′pi |Bi , the
digraph Γi is a circulant digraph of order p
ai
i that is also a isomorphic to a
Cayley digraph of Hpi .
Although the condition requiring a nilpotent group to achieve the converse
in the above theorem may seem quite limiting, we observe that in Muzychuk’s
solution to the isomorphism problem for circulant digraphs [17], he shows that
when G ∼= H are cyclic groups, the isomorphism problem for general n can be
reduced to the prime power cases; this implies that G and a conjugate of H
always lie in some nilpotent group together.
We point out in the coming corollary that for some values of n, the nilpotent
group required to achieve the converse of the above theorem will always exist,
even if G and H are not both cyclic.
Corollary 3.8. Let k = p1 . . . pr be such that gcd(k, ϕ(k)) = 1 where each pi
is prime, and n = pa11 . . . p
ar
r . Let G,H be regular abelian groups of degree n
with G cyclic and let Gpi , Hpi be Sylow pi-subgroups of G and H respectively,
and Γ a Cayley digraph on G. Then Γ is isomorphic to a Cayley digraph of H
if and only if Γ is of product type Γ1, . . . ,Γr, where each Γi is a Cayley digraph
on both Gpi and a group isomorphic to Hpi , 1 ≤ i ≤ r.
Proof. The first implication is already proven in Theorem 3.7.
Conversely, suppose that Γ is a Cayley digraph on G that is also a Cayley di-
graph of the abelian group H . Then G and some H ′ ∼= H are regular subgroups
of Aut(Γ). By Theorem 2.14, there exists a nilpotent subgroup N ≤ Aut(Γ)
that contains G and a regular subgroup H ′ isomorphic to H . Replacing H by
H ′ and applying Theorem 3.7 yields the result.
Definition 3.9. Let G and H be abelian groups of order n, and for each prime
pi|n, denote a Sylow pi-subgroup of G or H by Gpi or Hpi , respectively. Define
a partial order  on the set of all abelian groups of order n by G  H if and
only if Gpi pi Hpi for every prime divisor pi|n.
Remark 3.10. If, in Theorem 3.7, H is chosen to be minimal with respect to
, then the rank of each Sylow pi-subgroup of H (i.e. the number of elements
in any irredundant generating set) will be equal to the number of factors in the
multiwreath product Aut(Γi). Moreover, Aut(Γ1)× . . .×Aut(Γr) will contain a
regular subgroup isomorphic to the abelian R if and only if Aut(Γ) contains a
regular subgroup isomorphic to the abelian group R.
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Theorem 3.11. Let Γ = Cay(G,S) for some abelian group G of order n. Let
R,R′ be regular abelian subgroups of Aut(Γ), with R cyclic. Suppose that there
is a nilpotent group N with R′ ≤ N ≤ Aut(Γ), such that N mimics every regular
abelian subgroup of Aut(Γ). Then the following are equivalent:
1. The digraph Γ is isomorphic to a Cayley digraph on both R and H, where
H is a regular abelian group; furthermore, if H is chosen to be minimal
with respect to the partial order  from amongst all regular abelian sub-
groups of Aut(Γ), then for each i, the Sylow pi-subgroup of H has rank
mi.
2. Let Pi be a Sylow pi-subgroup of G. There exist a chain of subgroups
Pi,1 ≤ . . . ≤ Pi,mi−1 in Pi such that
(a) Pi,1, Pi,2/Pi,1, . . . , Pi/Pi,mi−1 are cyclic pi-groups;
(b) Pi,1 × Pi,2/Pi,1 × . . . × Pi/Pi,mi−1 p Hi, where Hi is a Sylow pi-
subgroup of H;
(c) For all s ∈ S\(Pi,j × G
′
i), we have sPi,j ⊆ S, for j = 1, ...,mi −
1, where G′i is a Hall p
′
i-subgroup of G (of order n/p
ai
i ). That is,
S\(Pi,j ×G′i) is a union of cosets of Pi,j.
3. The digraph Γ is of product type Γ1, . . . ,Γr, where each Γi ∼= Ui,mi ≀. . .≀Ui,1
for some Cayley digraphs Ui,1, ..., Ui,mi on cyclic pi-groups Ki,1, ...,Ki,mi
such that Ki,1× . . .×Ki,mi p Hi, where Hi is a Sylow pi-subgroup of H.
These in turn imply:
4. Γ is isomorphic to Cayley digraphs on every abelian group of order n that
is greater than H in the partial order .
Proof. Throughout this proof, let n = pa11 . . . p
ar
r .
(1)⇒(2): By hypothesis there is a transitive nilpotent subgroupN of Aut(Γ)
that contains regular subgroups isomorphic to G,R, and H . By Theorem 3.7,
there exist Γ1, . . . ,Γr where each Γi is a circulant digraph of order p
ai
i , such
that Γ is of product type Γ1, . . . ,Γr, and each Aut(Γi) is a (possibly trivial)
multiwreath product of cyclic groups. Additionally, by Remark 3.10, we may
assume that R′′ is a regular abelian subgroup of Aut(Γ) if and only if Aut(Γ1)×
. . .×Aut(Γr) contains a regular abelian subgroup isomorphic to R
′′.
Let Aut(Γi) = Z
p
bmi,i
i
≀ · · · ≀Z
p
b1,i
i
(by Remark 3.10, this multiwreath product
does have mi factors). Then Aut(Γi) admits block systems Di,j , 1 ≤ j ≤ mi
consisting of blocks of size xi,j = Π
j
ℓ=1p
bℓ,i
i . Observe that Aut(Γi)/Di,j =
Z
p
bmi,i
i
≀ · · · ≀ Z
p
bj+1,i
i
and fixAut(Γi)(Di,j)|D = Zpbj,i
i
≀ · · · ≀ Z
p
b1,i
i
, D ∈ Di,j . Ad-
ditionally, fixAut(Γi)(Di,j+1)/Di,j in its action on D/Di,j ∈ Di,j+1/Di,j is cyclic
of order p
bj+1,i
i . Let Pi be a Sylow pi-subgroup of G. Now, as G is a transitive
abelian group, Pi,j = fixG(Di,j) is semiregular and transitive on D ∈ Di,j . As
fixAut(Γi)(Di,j+1)/Di,j in its action on D/Di,j ∈ Di,j+1/Di,j is cyclic of order
p
bj+1,i
i , we see that Pi,j+1/Pi,j is cyclic of prime-power order, and for the same
reason,
Pi,1 × Pi,2/Pi,1 × . . .× Pi/Pi,mi−1 p Hi,
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where Hi is a Sylow pi-subgroup of H . For 1 ≤ j ≤ mi − 1, N admits a
block system Ci,j consisting of blocks of size xi,j · n/p
ai
i , as well as a block
system Bi,j consisting of blocks of size xi,j , and of course Bi,j ≤ Ci,j . As Γ
is of product type Γ1, . . . ,Γr, and each Γi is a circulant graph, we see that
Aut(Γi) × Zn/pai
i
≤ Aut(Γ); furthermore, Aut(Γi) ≥ Zpai
i
/xi,j
≀ Zxi,j . Thus,
Pi,j |C ≤ Aut(Γ) for every C ∈ Ci,j . Thus we see that between blocks C,C′ ∈ Ci,
we have either every directed edge from a block of Bi,j contained in C to a block
of Bi,j contained in C′ or no directed edges. As Ci is formed by the orbits of
Pi,j ×G′i and Bi,j is formed by the orbits of Pi,j , (2) follows.
(2) ⇒ (3) Let Bi,j be the block system of G formed by the orbits of Pi,j ,
0 ≤ j ≤ mi, and Ci,j the block system of G formed by the orbits of Pi,j × G′i.
As for all s ∈ S\(Pi,j × G
′
i), we have sPi,j ⊆ S, for j = 1, . . . ,mi − 1, we
have fixG(Bi,j)|Ci,j ≤ Aut(Γ) for every Ci,j ∈ Ci,j . Note that fixG(Bi,mi) = Pi
and that 〈Zpaii , fixG(Bi,j)|Ci,j : Ci,j ∈ Ci,j〉 in its action on Bi,mi ∈ Bi,mi is
Z
p
ai−ℓi,j
i
≀ Z
p
ℓi,j
i
where the orbits of Pi,j have order p
ℓi,j
i . Now let ni,j+1 =
ℓi,j+1−ℓi,j, 0 ≤ j ≤ mi−1. Then Qi = 〈fixG(Bi,j)|Ci,j : Ci,j ∈ Ci,j, 1 ≤ j ≤ mi〉
in its action on Bi,mi ∈ Bi,mi is Zp
ni,mi
i
≀Z
p
ni,mi−1
i
≀ . . .≀Z
p
ni,1
i
, and Qi = (Zp
ni,mi
i
≀
Z
p
ni,mi−1
i
≀ . . . ≀ Z
p
ni,1
i
) × 1Sym(n/pai
i
). Let Ki,j = Zpni,j
i
for each 1 ≤ j ≤ mi.
Clearly, these are cyclic pi-groups. Also, Pi,j+1/Pi,j ∼= Ki,j+1 as abstract groups
for 0 ≤ j ≤ mi − 1, so assumption (b) tells us that Ki,1 × . . . × Ki,mi p Hi.
Notice that Q1 × Q2 × · · · × Qr ≤ Aut(Γ), and by Lemma 3.1 there exists a
digraph Γi with Aut(Γi) = Qi. The graphs Ui,j are given in the “Furthermore”
of Lemma 3.1. Thus Γ is of product type Γ1, . . . ,Γr, completing this part of the
proof.
(3) ⇒ (1), (4) For each i, Aut(Γi) is a multiwreath product of mi Cayley
digraphs on cyclic groups. It is straightforward to verify that Za ≀ Zb contains
regular subgroups isomorphic to both Zab and Za × Zb.
By assumption, Aut(Γi) ≥ Zp
ni,mi
i
≀ . . . ≀Z
p
ni,1
i
. Hence the above facts tell us
that Hi = Zpni,1
i
× . . .×Z
p
nmi
i
≤ Aut(Γi), and also that H ′i ≤ Aut(Γi) for every
H ′i ≻p Hi. Therefore H = H1 × . . . ×Hr ≤ Aut(Γ), and also H
′ ≤ Aut(Γ) for
every H ′ ≻ H .
The following result is obtained from the previous result by applying Theo-
rem 2.14.
Corollary 3.12. Let k = p1 . . . pr be such that gcd(k, ϕ(k)) = 1 where each pi
is prime, and n = pa11 . . . p
ar
r . Let Γ = Cay(G,S) for some abelian group G of
order n. Then the following are equivalent:
1. The digraph Γ is isomorphic to a Cayley digraph on both Zn and H, where
H is a regular abelian group; furthermore, if H is chosen to be minimal
with respect to the partial order  from amongst all regular abelian sub-
groups of Aut(Γ), then for each i, the Sylow pi-subgroup of H has rank
mi.
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2. Let Pi be a Sylow pi-subgroup of G. There exist a chain of subgroups
Pi,1 ≤ . . . ≤ Pi,mi−1 in Pi such that
(a) Pi,1, Pi,2/Pi,1, . . . , Pi/Pi,mi−1 are cyclic pi-groups;
(b) Pi,1 × Pi,2/Pi,1 × . . . × Pi/Pi,mi−1 p Hi, where Hi is a Sylow pi-
subgroup of H;
(c) For all s ∈ S\(Pi,j × G′i), we have sPi,j ⊆ S, for j = 1, ...,mi −
1, where G′i is a Hall p
′
i-subgroup of G (of order n/p
ai
i ). That is,
S\(Pi,j ×G′i) is a union of cosets of Pi,j.
3. The digraph Γ is of product type Γ1, . . . ,Γr, where each Γi ∼= Ui,mi ≀. . .≀Ui,1
for some Cayley digraphs Ui,1, ..., Ui,mi on cyclic pi-groups Ki,1, ...,Ki,mi
such that Ki,1× . . .×Ki,mi p Hi, where Hi is a Sylow pi-subgroup of H.
These in turn imply:
4. Γ is isomorphic to Cayley digraphs on every abelian group of order n that
is greater than H in the partial order .
A point about the previous results should be emphasized. That is, it is
necessary to introduce the digraphs Γ1, . . . ,Γr from Lemma 3.1 - one cannot
simply define Γi = Γ[Bi] (the induced subgraph on the points of Bi), where
Bi ∈ Bi and Bi is a block system whose blocks are the orbits of some Sylow
p-subgroup of the regular cyclic subgroup. Rephrased, it is possible for Γ[Bi] to
be a Cayley digraph of more than one group even when Γ is only isomorphic to a
Cayley digraph of a cyclic group, and even when the condition gcd(k, ϕ(k)) = 1
is met. We give an example of such a digraph in the following result.
Example 3.13. Let p and q be distinct primes such that gcd(pq, ϕ(pq)) = 1,
S = {(kp, 0), (1, 1) : k ∈ Zp}, and Γ = Cay(Zp2 × Zq, S). The only abelian
group H of order p2q for which Γ is isomorphic to a Cayley digraph of H is
the cyclic group of order p2q. Nonetheless, let B be the block system of the left
regular representation of Zp2 × Zq, that has blocks of size p
2. Then for every
B ∈ B, the induced subdigraph Γ[B] is a Cayley digraph on Zp2 and on Z
2
p, and
is isomorphic to the wreath product of two circulant digraphs of order p.
Proof. Towards a contradiction, suppose that Γ is isomorphic to a Cayley
digraph of the abelian group H ′, where H ′ is not cyclic. Let G be the left
regular representation of Zp2 × Zq. Then H
′ = Z2p × Zq, and by Theorem 2.14
there exists H ∼= H ′ such that N = 〈G,H〉 is nilpotent. Then N admits B as
a block system as well as block systems Bp and Bq consisting of blocks of size
p and blocks of size q, respectively. As H ∼= Z2p × Zq, N/Bq is a p-group that
contains regular subgroups isomorphic to Z2p and Zp2 . By [8, Lemma 4] we have
that N/Bq ∼= Zp ≀ Zp.
For 0 ≤ i ≤ p2−1, let Bi,q ∈ Bq denote the block that consists of {(i, j) : j ∈
Zq}. Each vertex of B0,q is at the start of a unique directed path in Γ (that does
not include digons) of length q (travelling by arcs that come from (1, 1) ∈ S),
and each of these paths ends at a vertex of Bq,q. Thus any automorphism of Γ
that fixes B0,q must also fix Bq,q, contradicting K/Bq ∼= Zp ≀ Zp.
Finally, Γ[B] is isomorphic to Cay(Zp2 , {kp : k ∈ Z
∗
p})
∼= K¯p ≀ Kp, so by
Theorem 1.4, Γ[B] is also a Cayley graph on Z2p.
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The converse though is true. That is, if the condition gcd(k, ϕ(k)) = 1 is met,
and Γ is a Cayley digraph of two abelian groups G and H with nonisomorphic
Sylow p-subgroups Gp and Hp, respectively, and G is cyclic, then it must be the
case that Γ[B] is a wreath product, where B is formed by the orbits of Gp and
B ∈ B.
Corollary 3.14. Let k = p1 . . . pr be such that gcd(k, ϕ(k)) = 1 where each pi
is prime, and n = pa11 . . . p
ar
r . Let Γ be a circulant graph of order n, and let Bi
be the block system of the left regular representation of Zn consisting of blocks
of size paii . If Γ[Bi], Bi ∈ Bi, is not a nontrivial wreath product and H is an
abelian group of order n such that Γ is isomorphic to a Cayley digraph of H,
then a Sylow pi-subgroup of H is cyclic. Consequently, if Γ[Bi], Bi ∈ Bi, is
not isomorphic to a nontrivial wreath product for any 1 ≤ i ≤ r then Γ is not
isomorphic to a Cayley digraph of any noncyclic abelian group.
Proof. By Theorem 2.14, there is a transitive nilpotent subgroup N of Aut(Γ)
that contains the left regular representation of Zn as well as a regular subgroup
isomorphic toH . The system Bi is a block system ofN also, sinceN is nilpotent.
Thus Bi is a block system of H . Let Hi denote a Sylow pi-subgroup of H , and
Gi a Sylow pi-subgroup of Zn. If Hi is not cyclic, then the restrictions of Hi
and Gi to any Bi ∈ Bi are nonisomorphic regular p-groups, so by Theorem 1.4,
Γ[Bi] is a nontrivial wreath product.
4. Future Work
The work in this paper provides a “template” that one can use to approach
the problem of when a digraph is a Cayley digraph of two nonisomorphic nilpo-
tent groups, as follows.
Let R,R′ be two regular nilpotent groups of order n. If there exists δ ∈
〈R,R′〉 such that 〈R, δ−1R′δ〉 is nilpotent, then 〈R, δ−1R′δ〉(2) is also nilpotent,
and writing 〈R, δ−1R′δ〉(2) as Πri=1Pi, where P1, . . . , Pr are all Sylow subgroups
of 〈R, δ−1R′δ〉(2), then each Pi is 2-closed. Furthermore, if Rpi is the Sylow
pi-subgroup of R, R
′
pi is the Sylow pi-subgroup of R
′, and Pi is the Sylow pi-
subgroup of 〈R, δ−1R′δ〉(2), then Pi = 〈Rpi , δ
−1R′piδ〉
(2). Thus, the subgraph
induced on each orbit of Pi is a Cayley graph on the Sylow pi-subgroups of both
R and R′. So from a group theoretic point of view, this “reduces” the group
theoretic characterization to the corresponding prime-power cases.
Of course, we would ideally like conditions on the connection set of a Cayley
digraph of one group to be a Cayley digraph of another group, but at this
time such conditions are only known in the prime-power case when one of the
groups is cyclic. We also suspect that the conditions given in Theorem 3.11 and
Corollary 3.12 only hold when one of the groups is a cyclic group, and different
conditions will be needed for different choices of nilpotent or even abelian groups.
So we have the following problem:
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Problem 4.1. Given p-groups P and P ′, determine necessary and sufficient
conditions on S ⊆ P so that Cay(P, S) is also isomorphic to a Cayley digraph
of P ′.
So how can one determine if a δ that conjugates R′ to lie in a nilpotent
group with R exists? We have seen in this proof that sometimes in order to
prove that they lie together in a nilpotent group, it is sufficient to show that they
lie together in a group that is normally Ω(n)-step imprimitive. Naively following
the structure of the proof in this paper, we have the following problem:
Problem 4.2. Determine for which regular nilpotent groups N and N ′ of or-
der n there exists δ ∈ 〈N,N ′〉 such that 〈N, δ−1N ′δ〉 is (normally) Ω(n)-step
imprimitive.
This condition is certainly a necessary condition for a nilpotent subgroup
of 〈N,N ′〉 to contain N and a conjugate of N ′, but this condition is also suffi-
cient under the arithmetic condition in Theorem 3.12 by [5, Corollary 15]. The
solution of Problem 4.2 will likely depend, like the proof of Theorem 2.1 and
consequently Theorem 2.14, on the Classification of the Finite Simple Groups.
In particular, it seems likely we will need at least a list of primitive groups which
contain a regular nilpotent subgroup, as well as a perhaps a list of such nilpotent
subgroups. It is worthwhile to point out that Liebeck, Praeger, and Saxl have
determined all primitive almost simple groups which contain a regular subgroup
[13, Theorem 1.1].
Finally, it is natural to ask whether the arithmetic conditions in Theorem
2.14 are in fact necessary. The answer, while not completely known, seems to
depend upon the combinatorial object under consideration. In [7] examples are
given of abelian groups G whose order does not satisfy this condition, that are
not CI-groups with respect to ternary relational structures. The proof essentially
boils down to showing that for these groups there is no solution to Problem 4.2
for N = G and N ′ a certain conjugate of G, with δ in the larger group 〈N,N ′〉(3)
(note that 〈N,N ′〉 ≤ 〈N,N ′〉(3) ≤ 〈N,N ′〉(2), and see [7] for notation and terms
not defined here). However, for digraphs and graphs on these same groups,
there is δ ∈ 〈N,N ′〉(2) as in Problem 4.2. So it seems that the arithmetic
condition given in Theorem 2.14 (or something similar) are necessary from a
group theoretic point of view but perhaps not in a combinatorial setting and
depending on the combinatorial object under consideration.
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